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Lower bounds are given for the number of lines blocked by a set of q + 2 points 
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INTRODUCTION 
In a projective plane rc of order n let S be a set of points of a given 
cardinality. How many lines are blocked by S? In this paper we examine 
the situation when 7~ = PG(2, q) and ISI = q + 2. Even in this simple- 
looking case some interesting complications arise. In Section 1 we obtain a 
lower bound on this number of lines. The case of equality is characterized 
and, for q odd, is tied in with the existence of certain configurations. 
As pointed out in Section 2, the existence of such configurations would 
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have dramatic implications for the theory of blocking sets. We were 
initially led to the case ISI = q + 2 while investigating the question of deter- 
mining the maximum number of pairwise intersecting circles in the classical 
Mobius plane. This question and its connection with the material in 
Sections 1 and 2 is briefly sketched in Section 3. 
Notation. If A, B are sets, then A -B denotes the set of the elements in 
A and not in B. The cardinality of a set X is denoted by 1x1. If X is a set of 
points in a projective plane A then a t-secant of X, t 2 1 means a line of x 
containing exactly t points of X. In particular a l-secant of X is called a 
tangent to X. An arc B in rc is a non-empty subset of points of rr with no 
three collinear. A 2-secant of B is also called, simply, a secant of B. If x is 
finite and of even order n then, an (n + 2)-arc is called a hyperoual. 
Moreover, in the case when n is even, any (n + 1)-arc A has the property 
that all of its tangents pass through a point. This point is called the nucleus 
of A. 
1. THE BASIC INEQUALITY AND A CONFIGURATION 
1.1. LEMMA. Let S be a set of q + 2 points in a projective plane rt of order 
q. Assume that there exists a subset A of S with the following property: for 
each point P of S - A the number of tangents to A on P is at most 1 Al - 1, 
where A is some integer with ,I>, 1. Then the number of lines of n intersecting 
S is at least (q:‘) + (A/2)1,!- Al. 
Proof Denote the points of A by P,, P,, . . . . P,,, and write S= 
{P 13 ...? PI,,, PIA,+ .‘.? p,+1~p,+2 }. Then P, blocks q + 1 lines, P2 blocks 
q lines not blocked by P, , and for 1 < j < I Al the point Pi blocks at least 
q + 1 - (j - 1) lines that are not blocked by any of {P,, P,, . . . . Pi- 1 >. For 
IAl < j < q + 2 the point Pj blocks at least q + 1 - (j - 1) + ;1/2 lines that 
are not blocked by any of {P,, . . . . P,- 1}, since the number of lines through 
Pj containing a point of A is at most IAl - 42. Therefore the number of 
lines intersecting S is at least 
[(q+ l)+q+ ... +(q+l-(IAl-I))1 
. ..+(q+l-(q+l))+lS-AI+ 1 
+;lS-Al. 1 
We need some further terminology. Let rc be a projective plane of order q. 
Let S be any subset of points of z. We say that an arc A of rr is an 
S-maximal arc provided that 
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(i) AcS. 
(ii) For any point P of S-A the set A u (P} is not an arc. 
It foilows that if A is S-maximal then each point P of S-A is on at least 
one t-secant of A with t 2 2. 
1.2. THEOREM. Let S be a set of q+ 2 points, q > 2, not forming a 
hyperoval in PG(2, q) with q even. Then the number of lines intersecting S is 
at least (y: *) + q/2. Moreover, for q > 4 this lower bound is attained if and 
only tf S consists of the points of some (q + 1)-arc, together with a point not 
equal to the nucleus of this (q + l)-arc. 
Proof Let A be any S-maximal arc. We examine the two cases when 
IAl >(q+4)/2 and JAI <(q+4)/2. 
Case 1. Let IAl =(q+2)/2+m, 2<m<q/2. We use now the dual of 
the fact that, by Bezouts theorem, any line which is not a component of a 
curve of degree (q + 2)/2 - m contains at most (q + 2)/2 -m points of that 
curve. It follows from the well-known result of B. Segre concerning the 
algebraic envelope formed by the tangents to A [9, p. 296; 8; 11, that since 
A is S-maximal each point P of S-A lies on at most (q + 2)/2-m 
tangents to A. From 1.1 we get that the number N of lines intersecting S is 
at least ((q+2)/2)+m((q+2)/2-m). Then N>((q+2)/2)+q/2 is 
equivalent to m( (q + 2)/2 - m) > q/2. Since 2 < m < q/2 we deduce that N 2 
((q + 2)/2) + q/2 with equality if and only if S is as described in the 
statement of the theorem. 
Case 2. I Al < (q + 4)/2. Since A is an S-maximal arc each point of 
S - A lies on at most I Al - 2 tangents to A. From 1.1 we get that the num- 
ber N of lines of n intersecting S is at least (‘7;‘) + IS- Al > (9;‘) + q/2. 
Equality implies that IAl = (q + 4)/2 and that each point P of S- A has the 
following property: there is exactly one secant ( =2-secant) of A passing 
through P while all other lines on P contain at most one point of A. 
Moreover, the line joining any two points of S - A contains no points of A. 
To rule out this possibility we show the existence of three distinct points 
PI, P,, P, in A such that the line joining any two of them fails to contain a 
point of S - A. Assume no such triple P,, P,, P, exists. Then for each 
choice of triple X, Y, 2 in A there is at least one point of S- A lying on the 
sides XY, YZ, ZX. Each point P lies on a (unique) 2-secant to A and so 
accounts for q/2 triples. 
Therefore (‘<I) . 1 < 1 S - A I . q/2. Putting t = q/2 this yields t* - 3 t + 2 < 0. 
For q > 4, this gives a contradiction. (For q = 4 we have already shown 
Na(q;*)+q/2.) So for q>4 the set given by (S-A}u (PI, P,, P3} is a 
((q + 2)/2 + 2)-arc. 
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Embedding it in an S-maximal arc A’ we can then use the argument of 
Case 1. [ 
We now proceed to the case of q odd. 
1.3. THEOREM. Let S be a set of q + 2 points in rt = PG(2, q), with q odd 
and q > 1. Then the number of lines of 71 that intersect S is at least 
(“:‘)-(4+2)/3. 
Proof: Let A be any S-maximal arc. We consider separately the cases 
IAl >(2q+4)/3 and IAl <(2q+4)/3. 
Case 1. Let IAl =(2q+4)/3 +A, 1 <n<(q- 1)/3. Arguing as in Case 1 
of the previous theorem using now the result of B. Segre for q odd [8, 
p. 296; 9; 11, we get that each point P of S-A lies on at most 
(29 + 4)/3 - 211= I Al - 31 tangents to A. From 1.1 the number of lines of n 
intersecting S is at least ( 4: ‘) + (312/2)( (q + 2)/3 - 2). An examination of 
this quadratic in II leads to the result. 
Case 2. Let IAI=(2q+4)/3-I, I>O. Then we have IS-AI = 
(q + 2)/3 + ;1. Since A is S-maximal each point of S - A lies on at most 
I Al - 2 tangents to A. From 1.1 the number N of lines of z that intersect S 
is at least (‘J;‘)+ IS-AI. 
Therefore N> (4; ‘) + (q + 2)/3 + 1. Since 12 0 this proves the result. 1 
We introduce some further terminology. Let S be a set of n + 2 points in 
any projective plane rc of order n. Recall ([ 1 )] that a nucleus of S is a point 
P of S such that all lines of 71 through P contain one further point of S 
apart from P. We say that P is a semi-nucleus of S if there is exactly one 
tangent line of S on P. This implies that there is exactly one 3-secant of S 
on P as well as (n - 1) 2-secants and one l-secant. We say that S is a semi- 
nuclear set if each point of S is a semi-nucleus for S. (S is a special case of a 
semi-uoid in [lo].) 
1.4. THEOREM. In a projective plane of order n let S be a semi-nuclear 
set. Then the number N of lines intersecting S is exactly (“:2) + (n + 2)/3. 
ProoJ Let there be exactly xi lines meeting S in exactly i points, 
1 d i< 3. Then x1 = n + 2, x3 = (n + 2)/3 and x2 = (n + 2)(n - 1)/2. This 
gives N=~,+x,+x,=(“;~)+(n+2)/3. 1 
Using 1.4 and 1.3 and examining the argument used in the proof of 1.3, 
we get the following consequence. 
1.5. COROLLARY. Let S be a set of q + 2 points in PG(2, q), q odd, q 2 7. 
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Then the number of lines intersecting S is at least (‘J: ‘) + (q + 2)/3. Equality 
occurs tfand only if S is a semi-nuclear set. 
1.6. COROLLARY. Let S be a semi-nuclear set in PG(2, q). Then q must 
be odd with q= +l (3). 
Proof: The case when q is even and qa 4 is ruled out by 1.2 and 1.4. 
Also since each point of S lies on exactly one 3-secant of S we get q = + 1 
(3). In particular, this rules out q = 2. 1 
1.7. THEOREM. There exists a semi-nuclear set S in II = PG(2, 7). 
ProoJ Let W be the projective triangle type of blocking set in rt 
[3, 6, 71. Replacing (on each line of the triangle) the points in W by the 
points not in W we get a semi-nuclear set S. In coordinates we can define S 
as 
s={(0~1,~),(~,0,1),(1,~,0)l s a nonzero square in GF(7)). 1 
2. BLOCKING SETS 
The following result may explain part of our interest in configurations 
such as semi-nuclear sets. 
2.1. THEOREM. Let S be a semi-nuclear set in a projective plane 71 or 
order n, with n odd. Then there exists a blocking set W in n*, the plane dual 
to 71, with 1 WI = n + 2 + (n + 2)/3 points. 
ProoJ: Using the notation of 1.4 we have xi = n + 2 and xj = (n + 2)/3. 
Let W denote those lines of x that meet S in an odd number of points, so 
IWI=n+2+(n+2)/3. Since ISI=n+2 is odd, each point in n---S is 
covered by a line of W. Therefore, each point of II lies on at least one line 
of W. Also W does not contain a pencil of lines. This establishes the 
result. 1 
2.2. COROLLARY. If S is a semi-nuclear set in PG(2, q) with q odd, then 
there exists a blocking set w in x with I WI = q + 2 + (q + 2)/3. 
Proof. Use 2.1 and the fact that PG(2, q) is self-dual. 1 
Remarks. 1. There is an old conjecture in the literature (see [3, 63) 
that in PG(2, p), p a prime, any blocking set contains at least p + (p + 3)/2 
points. Note that for p = 7 we have p + 2 + (p + 2)/3 =p + (p + 3)/2. The 
conjecture has been verified in the case p < 13 [2]. 
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2. In PG(2,7) there exist blocking sets of size 12 which are not projec- 
tive triangles (see [4, 7, 81). 
3. Even if semi-nuclear sets do not exist for q # 7, it would be of 
interest to determine how many semi-nuclei a set of size q + 2 can have. 
This question is probably also related to the work of Bartocci, Capodaglio 
di Cocco, and Ughi (see [ 51). 
3. INTERSECTING CIRCLES IN M~BIIJS PLANES 
In this final section we briefly sketch the problem that led us to our 
investigations. Let p be a Mobius plane of order n (i.e., a 3 -(n’+ 1, 
n + 1, 1) design). Let C be a family of circles in p, with the property that 
each pair of circles from C intersects in two points. 
PROBLEM. Determine the maximal cardinality of such a set C. 
Consider a point P in p. The circles passing through P form a 
2 - (n*, n, 1) design, that is an alfme plane. Since in an affine plane two 
lines intersect if and only if they have different directions, it follows that at 
most n + 1 circles through P can be in the set C. From this we get 
3.1. THEOREM. A doubly intersecting set C of circles in a Miibius plane p 
or order n has at most +n(n + 1) + 1 elements. 
Proof: Consider a fixed circle C E C and count pairs (P, C): P E C n c’, 
C # c’ E C. It follows that ((Cl - 1) .2 < (n + 1) . n, from which the desired 
inequality follows. 1 
We proceed to investigate the case of equality. In this case every point of 
p is on n + 1 or 0 circles, and the total number of points covered by circles 
in C equals fn(n + 1) + 1 (count in two ways the number of pairs 
(P,C):PECEC). 
The n + 1 circles through a fixed point P determine a set of n + 1 lines in 
the afline plane formed by all circles through P, with the property that they 
cover &(n + 1) points (different from P). It follows that these lines form a 
dual oval in that plane. If we extend the afline plane to a projective plane, 
the line at infinity can be added to the set of lines to get a dual (n + 2)-arc. 
i.e., a hyperoval. From this it follows that in case of equality, n must be 
even. For n = 2 it is indeed possible to find a set C of size 4, but for n = 4 
(resp. 8) the maximal cardinalities we found were 8 and 16. 
For n odd we can improve the upper bound in Theorem 3.1 a little bit, 
using the result of Corollary 1.5. (We assume here that the plane p is 
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ovoidal, so that the affine planes determined by the circles through a fixed 
point are desarguesian.) 
3.2. THEOREM. A doubly intersecting set C of circles in an ovoidal 
Miibius plane p of order n, n odd, n 2 7 has at most fn(n + 1) - n/4 elements. 
ProoJ If there is no point on n + 1 circles of C then ICI 6 4n(n - 1) + 1 
by the same reasoning as in the proof of Theorem 3.1. Let P be a point on 
n + 1 circles. In the residual afIine plane at P these circles cover at least 
(“12) + (n + 2)/3 - (n + 1) points. This follows from Corollary 1.5 by 
adding the line at infinity to the set and dualizing. For i 2 1 let xi denote 
the number of points in p covered by precisely i circles from C. Counting 
points, incident pairs (P, C) and triples (P, C, C’), P E C, C’ E C we get 
i~lxiS[n~2]+Y+-(n+l), 
Cix,=ICJ(n+l), 
4 ; xi=IcI.(IcI-l). 
Let IC( = tn(n + 1) - y. Then each point is covered by at least n - 1 - 2y 
circles by essentially the same reasoning as in the proof of Theorem 3.1. 
Using the inequality 0 < C (n + 1 - i)(n - 1 - 27 - i)xi one gets y > n/4. 1 
We conclude this section by giving a lower bound. 
3.3. THEOREM. There exists a doubly intersecting set C of circles in an 
ovoidal Miibius plane p of order n of size $(n - 1) + 2 Vor n odd). 
Proof Let A, B, C be three distinct points in p. (Note that since p is the 
classical Mobius plane any choice of three points is equivalent.) Form a 
graph on the circles containing at least two points of A, B, C by joining any 
pair that is tangent. Straightforward calculations show that this graph con- 
sists of one isolated point, one 3-circuit, and (n - 1)/2 6-circuits. We can 
find a coclique in this graph of size +(n - 1) + 2. Since any pair of circles in 
this set has at least one point in common and no pair touches, they form a 
doubly intersecting family. 
Remark. Using computer search we found that for n < 9 the classical 
Mobius plane never has more than 2n doubly intersecting circles (with 
equality only for n = 2, 4, 8). It seems therefore that the true value lies not 
far from the lower bound. 
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